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Thereafter, a considerable amount of research has been done 



KOHN-LUTTINGER SUPERCONDUCTIVITY IN TWISTED BILAYER GRAPHENE 

We stress that the low-energy bands are never completely flat in twisted bilayer graphene. This  
can be seen in the continuum model, where the coupling between the two layers can be varied  
smoothly    

single valley 

picture 



A more clear picture of the valence and conduction bands is  
obtained by superposing the bands from the two graphene  
valleys at  K  and  –K 

1st valence 

band E+ 

2nd  valence 

band E− 
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The evolution of the saddle points in the continuum model compares very well with that in the  
tight-binding approach 

continuum model 

1st valence band 

tight-binding model 

1st valence band 

But the tight-binding approach allows to resolve the hybridization along the  Γ𝐾 line  

tight-binding model 

2nd  valence band 
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  When we have a highly anisotropic Fermi surface, electronic instabilities may arise. Focusing on 
superconductivity, we have to look at the divergences in the Cooper-pair channel 

This can be solved by expanding in a basis of the modes for the irreducible representations  γ   

The self-consistent equation can be simplified by reabsorbing the local density of states in the  
BCS vertex   

We obtain the renormalization group equations     

and then taking the derivative with respect to the cutoff  Λ ,      

which lead to a pairing instability when some of the initial couplings are negative.     
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In the twisted bilayers, we may have a pairing instability because the scattering of the electrons  
in a Cooper pair has very different strength along the Fermi line  

There is actually a channel  Vintra  in which the electrons in the pair remain in each patch of the 
Fermi line, and a channel  Vinter  in which they exchange their patches. The BCS vertex  becomes 

The scattering for  Vinter  is stronger, as can be seen from the RPA contributions to the BCS 
vertex  (in terms of the particle-hole susceptibility  χq) 

A large particle-hole susceptibility at small  q  implies  Vinter >  Vintra  
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In the expansion 

Ψ(γ)  correspond to irreducible representations of  C3v  , A1  {cos(3nθ)}, A2  {sin(3nθ)},  
E  {cos(mθ), sin(mθ)} (m ≠ 3n), and they may be odd or even under the exchange of the two 
patches of the Fermi line         

In general, the most negative coupling is found in the channel corresponding to A1 (s-wave) and  
being odd under parity.  

The solution of the renormalization group equation for the BCS vertex 

leads to a pairing instability at the energy scale 

which has an order of magnitude consistent with a critical temperature of  ~ 1 K. 
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The spin operator 

Adjacent to the pairing instability, there is also a spin-density-wave  
instability, whose origin lies in the large particle-hole susceptibility  
at the nesting wave vector  Q  of the Fermi line.   

The iteration leads to a singularity at an energy scale depending on the on-site repulsion U  as  

Then it is a matter of finding which is the dominant instability with the highest energy scale. It 
turns that the pairing instability is dominant at weak coupling, except for filling levels very  
close to the van Hove singularity 

has a response function which is built from the RPA iteration of contributions like 
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In conclusion, 

 
We have seen that the special geometry of the Fermi line of the 
twisted bilayers near the magic angle gives rise to a pairing 

       instability, with an order parameter which is odd under the              
       exchange of the two patches of the Fermi line 

 

 
The pairing instability relies on the proximity of the filling level 

       to the extended van Hove singularity in the second highest 
       valence band. Many-body effects are responsible of a strong  
       renormalization of the separation between the two van Hove  
       singularities in the highest valence bands, placing the level of  
       the second one very close to half-filling 
 
 

There are experimental signatures like the linear behavior of 
       the resistivity    as a function of temperature in the twisted  
       bilayers which point at the relevance of  e-e  interactions. 
       The construction we propose is also consistent with a linear  
       T-dependence of the quasiparticle decay rate, which comes  
       naturally from the nesting of the Fermi line 
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