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TOPOLOGICAL SEMIMETALS 

  One of the most relevant properties of the topological materials is the existence of gapless 

excitations at their surface.     

    

But, in general, in the topological semimetals there is the question of the stability (topological 

protection) of the surface states. In the case of the Dirac semimetals, it has been claimed that 

surface states do not have topological protection (M. Kargarian, M. Randeria, and Y.-M. Lu, 

PNAS 113, 8648 (2016)) 

In Weyl semimetals we have the Fermi arcs connecting the projection of the Weyl nodes onto 

a given surface of the material     

(B. Q. Lv et al., Phys. 
 Rev X 5, 031013 (2015)) 

(M. Kargarian, M. Randeria 
and Y.-M. Lu, PNAS 113,  
8648 (2016)) 



TOPOLOGICAL SEMIMETALS 

  We are going to address the question of the stability of the surface states by focusing on their 

microscopic structure, in particular on their evanescence for complex values of the momentum     

    
In optics,  we have examples like the case of a two-channel system with gain/loss     

This will place the discussion in the context of the non-hermitian hamiltonians, which can have 

interesting physical applications. There has been actually a proposal to trade the hermiticity of  

any admissible hamiltonian  H  by the invariance under PT symmetry (P = spatial inversion, 

T = time-reversal)      

In the case of an interaction potential  V , this means that    V(r) = V*(−r)  . Then, the eigenvalues 

of  H  can be real provided that the eigenvectors are also invariant under PT.    

The eigenvalues remain real up to      
(C. E. Rüter et al., Nature Phys. 6, 192 (2010))   



EXCEPTIONAL POINTS IN TOPOLOGICAL SEMIMETALS 

  We investigate the microscopic structure of the surface states with    

    

We can also look for surface states decaying from  z = cons.    

The eigenvalue problem is (taking for simplicity ky= 0) 

which leads to two different types of surface states   

This model has two bands in the bulk    

Zero-energy solutions can be found for  χ  such that  σy χ = ±χ 

(B. Q. Lv et al., Phys. 
 Rev X 5, 031013 (2015)) 



EXCEPTIONAL POINTS IN TOPOLOGICAL SEMIMETALS 

  

    

We can distinguish between two different types of semimetals    
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The two different types of surface states have quite distinct behavior, which becomes more 

apparent in a slab geometry (with nonnegligible coupling between opposite faces)     



EXCEPTIONAL POINTS IN TOPOLOGICAL SEMIMETALS 

  A closer look reveals that the evanescent states correspond to branch points (square-root 

singularities) in the spectrum for complex momentum  kz + iα    

    

The branch points are so-called exceptional points in the spectrum of the non-hermitian  

hamiltonian, which endow the surfaces states with topological protection  

The existence of two branch cuts can be understood from the symmetries of the hamiltonian 

J. G. and R. A. Molina, Phys. Rev. B 96, 045437 (2017)   

kx = 0 kx = 0 



EXCEPTIONAL POINTS IN TOPOLOGICAL SEMIMETALS 

  What we learn from the exceptional points is that the surface states are less protected in the  

B type semimetals, since the distance between points with opposite   α  may become very short.  

    

In fact, the branch points with opposite  α  tend to coalesce as one approaches the endpoints of  

the Fermi arcs, which explains that relevant perturbations start to destroy them at the projection 

of the nodal points. This is consistent with the evidence provided by M. Kargarian, M. Randeria,  

and Y.-M. Lu, PNAS 113, 8648 (2016), 



EXCEPTIONAL POINTS 

  Exceptional points are well-known in the study of non-hermitian hamiltonians  

    

But they have been mainly discussed in optics. In the system of two coupled waveguides with 

gain and loss    

There is a phase transition at    

The eigenvectors are   

(from C. E. Rüter et al., Nature  

   Phys. 6, 192 (2010))   



P. San-José, J. Cayao, E. Prada, R. Aguado, Majorana bound states from exceptional points 
in non-topological superconductors, Sci. Rep. 6, 21427 (2016) 

J. G. and R.A. Molina, Macroscopic degeneracy of zero-mode rotating surface states in 3D 
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Recently, some applications have started to be found in electron systems:     
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closed orbits connecting Fermi arcs in Weyl semimetals (A. C. Potter, I. Kimchi and A. 
Vishwanath, Nat. Commun. 5, 5161 (2014)) 

 

 

 

 

 

 

Dirac-like Landau bands in nodal-line semimetals (J.-W. Rhim and Y. B. Kim, Phys. Rev. B 
92, 045126 (2015)) 

Interesting physics arises in topological semimetals in strong magnetic fields:     

TOPOLOGICAL SEMIMETALS IN STRONG MAGNETIC FIELDS 



  The same description applies to nodal-line semimetals    

    

There are also surface states which can be obtained as  

evanescent waves decaying from  z = const    

The evanescent waves correspond to exceptional points in the extension of the spectrum to 

complex momentum, surviving under very general perturbations 

This model leads to a spectrum in the bulk    

with a ring of nodes at  kz = 0  for  

(W. B. Rui, Y. X. Zhao, and A. P.  
  Schnyder, arXiv:1703.05958)  
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NODAL-LINE SEMIMETALS IN STRONG MAGNETIC FIELDS 

  For a uniform magnetic field perpendicular to the nodal ring    

    

We can now look for Landau states decaying from  z = const.    

The spinor  χ  must satisfy 

In the bulk we have energy levels (with degeneracy label by kx)    

Zero-energy solutions are found again for  χ  such that  σy χ = ±χ 



NODAL-LINE SEMIMETALS IN STRONG MAGNETIC FIELDS 

  
One can actually compute the complex spectrum from     

    

The Landau surface states do not carry in general electronic current since  jx = −2 m1(kx − By)σx   

while the surface states are practically eigenstates of  σy  in slabs with little coupling between  

opposite faces. This does not hold however when approaching the boundaries of the lateral  

dimension  y . In that case    

It turns out that the zero-energy eigenvalues are exceptional  

points in the  (kz , α) complex plane. This means that the  

Landau surface states share the topological protection of the  

drumhead surface states.  

J. G. and R. A. Molina, arXiv:1710.01960     



NODAL-LINE SEMIMETALS IN STRONG MAGNETIC FIELDS 

  
For a uniform magnetic field parallel to the nodal plane    

    

The model cannot be solved exactly, but numerical resolution 

shows the existence of zero-energy states in the bulk localized  

in 2D slices with  z = const.    

At kx = ky = 0,  

looks like an equation for massive Dirac fermions, with  

two domain walls (turning points) which pin  a pair of  

evanescent waves and lead to the appearance of midgap  

states.  



NODAL-LINE SEMIMETALS IN STRONG MAGNETIC FIELDS 

  

    

The quasi-2D states can be shifted in the bulk by varying 

kx  , leading to dispersing bands when the slice approaches 

one of the faces of the slab. 

In general, there is a huge degeneracy of the zero Landau  

level, from the collapse of a number of flat bands with 

different ky  . 

The current across the whole section of the slab (for each  

state) is 

This leads to a quantization condition  σxz = Ne2/h , with  

values of  N  which scale linearly with  Δy . 
J. G. and R. A. Molina, arXiv:1710.01960     



WEYL SEMIMETALS UNDER CIRCULARLY POLARIZED LIGHT 

  
We start with a model of Weyl semimetal    

    

We shine light in the direction along the line of the nodes    

We use Floquet theory to find the solutions of the time-dependent Schrödinger equation  

which amounts to find the result of hybridizing a number of Floquet subbands   
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Floquet topological insulators can be devised by establishing  
a resonance  between bands with different pseudospin  
configuration   

(N. H. Lindner, G. Refael, and V.  
Galitski, Nat. Phys. 7, 490 (2011)) 
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In our model we have  

    

The hybridization of the Floquet subbands gives rise to a gap over an extended ring in  

momentum space:  

proportional to  A   (at   /2) between subbands  n = 0 (green) and n = ±1 (blue/red) 

proportional to  A2  (at   0 )  between subbands  n = −1 (red) and n = 1 (blue) 

kx = 0 , ky = 0  

v = 1.1 eV Å 

 = 0.5 eV 

A = 0.05 Å-1 

The band structure is therefore periodic in energy  



WEYL SEMIMETALS UNDER CIRCULARLY POLARIZED LIGHT 

  
But most interestingly, we can have evanescent states localized at the irradiated surface. 

    

These states come as solutions with real quasi-energy  εα  for complex momenta  kz  

Computing for a wire with finite section in the  x-y  plane  (150  150 Å2 ) 

we find evanescent states (for Im(kz) ≈ 0.01 Å-1 ) at the position of the dots within the gap  

between Floquet subbands in the figure. 

v = 1.1 eV Å 

 = 0.5 eV 

A = 0.05 Å-1 

J. G. and R. A. Molina, Phys.  

 Rev. Lett. 116, 156803 (2016)   



WEYL SEMIMETALS UNDER CIRCULARLY POLARIZED LIGHT 

  We can have a deeper insight by solving for a single Weyl cone  

HW  can be translated to time-independent form by making a unitary transformation 

and transforming again we obtain 

We find that the spectrum has a gap between Floquet subbands with  jz = 1/2  and  jz = −1/2 

v = 1.1 eV Å 

 = 0.5 eV 

A = 0.005 Å-1 



WEYL SEMIMETALS UNDER CIRCULARLY POLARIZED LIGHT 

  The gap has oscillations as a function of  kz  which have a correspondence with points with zero  

eigenvalue in the complex plane 

The form of  Im(ε)  is indeed the signature of a behavior of the form  

v = 1.1 eV Å 

 = 0.5 eV 

A = 0.005 Å-1 

Im(kz) = 0.08 Å-1 

The set of exceptional points corresponds to a sequence of zero-energy evanescent states,  

with a peculiar quantization pattern 

J. G. and R. A. Molina, Phys.  

 Rev. Lett. 116, 156803 (2016)   



WEYL SEMIMETALS UNDER CIRCULARLY POLARIZED LIGHT 

  The most important feature of the evanescent states is that they carry an angular current  jθ   

  jθ  can be computed in the space spanned by the states with  jz = ±1/2 

The angular current has a uniform component, which is in general negligible,   

and a time-dependent component   

bearing in mind that the original states are expressed as   



WEYL SEMIMETALS UNDER CIRCULARLY POLARIZED LIGHT 

In a cylindrical geometry, the current has a component which rotates with frequency     

The peak of the intensity of the current across the radial direction (for individual states) is    

while the total intensity may be enhanced from the contribution of a large number of surface 

states. 

This implies the time-dependence of the probability density of the surface states   

J. G. and R. A. Molina, Phys.  

 Rev. Lett. 116, 156803 (2016)   



 

 

The exceptional points may play an alternative role in our understanding of the topological 
protection of surface states in 3D semimetals  

 

 

 

 

They are behind the protection of surface states under conditions with rather large 

       perturbations, like the case of the 3D nodal-line semimetals under strong magnetic fields 

 

 

 

 

 

Exceptional points may also explain the appearance of new surface states in the interaction of 
the 3D semimetals with the electromagnetic radiation, leading to important boundary effects 
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